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Abstract: Measurements leading to the collapse of states and the non-local quantum correlations are
the key to all applications of quantum mechanics as well as in the studies of quantum foundation.
The former is crucial for quantum parameter estimation, which is greatly affected by the physical
environment and the measurement scheme itself. Its quantification is necessary to find efficient
measurement schemes and circumvent the non-desirable environmental effects. This has led to
the intense investigation of quantum metrology, extending the Cramér–Rao bound to the quantum
domain through quantum Fisher information. Among all quantum states, the separable ones have the
least quantumness; being devoid of the fragile non-local correlations, the component states remain
unaffected in local operations performed by any of the parties. Therefore, using these states for the
remote design of quantum states with high quantum Fisher information can have diverse applications
in quantum information processing; accurate parameter estimation being a prominent example, as
the quantum information extraction solely depends on it. Here, we demonstrate that these separable
states with the least quantumness can be made extremely useful in parameter estimation tasks, and
further show even in the case of the shared channel inflicted with the amplitude damping noise and
phase flip noise, there is a gain in Quantum Fisher information (QFI). We subsequently pointed out
that the symmetric W states, incapable of perfectly teleporting an unknown quantum state, are highly
effective for remotely designing quantum states with high quantum Fisher information.

Keywords: Quantum Fisher information; quantum metrology; parameter estimation; Werner states;
quantum teleportation.

1. Introduction

The precise measurement of a parameter is one of the most crucial tasks in scientific
researches. The famous Cramér–Rao bound [1,2] provides a bound to the achievable preci-
sion of a parameter in terms of the statistical Fisher information [3–7]. It has been shown
that the information of a quantum system can be expressed in terms of quantum Fisher
information in measurement by considering all possible outcomes of the measurement [6].
Quantum metrology uses the entanglement of a quantum system to achieve better precision
in the estimation of a parameter than achieved in the classical cases [8–12]. Quantum states
that achieve and cross the maximal quantum Fisher information attained by the separable
states representing the classical systems are considered to be metrologically useful [13–15].
In this work, we provide a protocol that can increase the quantum Fisher information of
a separable state beyond the separable limit by using only local operations and classical
communications (LOCC). The separable states possess the least quantum correlations, and
the components of separable states are unaffected by the local operations performed on
one of the states, therefore making them less prone to noises inflected by the environment
and easier to construct in a real quantum computer. Thus using them for remote design-

Quantum Rep. 2021, 3, 228–241. https://doi.org/10.3390/quantum3010013 https://www.mdpi.com/journal/quantumrep

https://www.mdpi.com/journal/quantumrep
https://www.mdpi.com
https://orcid.org/0000-0003-4183-1524
https://orcid.org/0000-0002-7100-7571
https://doi.org/10.3390/quantum3010013
https://doi.org/10.3390/quantum3010013
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.3390/quantum3010013
https://www.mdpi.com/journal/quantumrep
https://www.mdpi.com/2624-960X/3/1/13?type=check_update&version=2


Quantum Rep. 2021, 3 229

ing of quantum states with higher quantum Fisher information can have several feasible
real-world applications in quantum information theory.

Quantum protocols like teleportation [16–19], and remote state preparation [20–24]
make use of entangled states shared between two spatially separated parties such as a
channel, and then perform LOCC to achieve their goal. In this work, we provide a quantum
protocol, where two spatially separated parties, Alice and Bob, share an entangled quantum
state as ’channel’, and Alice prepares a state with higher quantum Fisher information at
Bob’s end starting with an unknown 2-qubit single parameter Werner state [25]. We report
that the average quantum Fisher information attained by Bob’s final states following the
proposed protocol is found to be significantly higher than the quantum Fisher information
obtained by Alice’s initial state for most values of the state parameter of the initial state.
Our results state that for the separable initial states taken by Alice, the average QFI of
Bob’s final state crosses the separable limit, making them useful in quantum metrology.
We also show that the symmetric W state, known as unsuitable for perfect teleportation of
an unknown quantum state [26,27], can effectively be used as a channel in this protocol
to create a state with very high quantum Fisher information starting with a state which
initially had very low QFI. We consider an example case where the shared channel is
affected with an amplitude damping noise, and further show that even with a noisy state,
gain in QFI can be achieved.

The paper is organized as follows: In Section 2 we discuss the importance of quantum
Fisher information in parameter estimation tasks. We present our results in Section 3 along
with the description of the protocol with examples. Section 4 discusses the achievements of
the protocol in increasing quantum Fisher information of an unknown mixed state. We
summarize our findings and conclude in Section 5 with future directions.

2. Quantum Fisher Information

Quantum Fisher information (QFI) holds a crucial role in the parameter-estimation
theory as it provides a bound to the precision of estimating a parameter, i.e., the mea-
surement sensitivity [28,29]. Following the famous Cramér–Rao bound in an unbiased
estimation, the maximum achievable precision of a parameter θ is limited by [1,2],

δθ =
1√
Fθ

, (1)

where Fθ is the quantum Fisher information of the parameter θ [5,6]. In quantum metrology,
to estimate a parameter θ, one introduces θ to an initial state ρ in the form of a phase-shift
by applying a rotation operator Uθ = exp(iθ Jn̂) on ρ, and obtaining ρθ = UθρU†

θ , here
Jn̂ is the collective spin operator in the n̂ direction [30,31]. The precise estimation of the
parameter can then be calculated by measuring the quantum Fisher information F of the
state ρθ given as [12,31–34],

F = Cmax, (2)

where Cmax is the largest eigenvalue of the matrix Ckl given by,

Ckl = ∑
i 6=j

(λi − λj)
2

λi + λj
[〈i| Jk |j〉 〈j| Jl |i〉+ 〈i| Jl |j〉 〈j| Jk |i〉]. (3)

Here, λi, λj,and |i〉, and |j〉 are eigenvalues and eigenvectors of the state considered
and, Jk and Jl are angular momentum along k and l direction.

The quantum Cramér–Rao bound (QCRB) is a widely accepted bound for quantum
metrology that has been well explored in quantum estimation theory such as, to evaluate
the bounds of the fidelity of the separation vector of the two incoherent point sources
of unequal brightness [35]. Several propositions have been made to attain QCRB, and it
has been shown in the estimation of an unknown phase that parameterizes an unknown
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unitary with the optimal input state, QCRB is unattainable, although it can be achieved in
the case of noisy channel estimations [36]. In this work, we have considered the quantum
Fisher information related to a precise estimation of the parameter θ, considering a rotation
about only the x direction. In this case, one can measure the QFI attainable by the state ρ
using [12],

Fx = 2 ∑
i 6=j

(λi − λj)
2

λi + λj
[〈i|Jx|j〉 〈j|Jx|i〉], (4)

where Jx is the angular momentum operator along the x direction.
In this work, we show that using a teleportation-like quantum communication proto-

col, one can increase the value of quantum Fisher information Fx attainable by an unknown
2-qubit Werner state [25] for most values of the state parameter. The description of the
protocol and relevant results can be found in Section 3.

3. Protocol to Increase the QFI of an Unknown Mixed State

In several quantum communication tasks, two spatially separated parties, usually
named Alice and Bob, share a quantum channel and try to achieve their goal by using local
operations and classical communications. In our protocol, using a pure quantum state with
more than two qubits as a channel, Alice tries to prepare an unknown two-qubit Werner
state given as [25],

ρA = λ |φ〉 〈φ|+ (1− λ)
I

4
(5)

at Bob’s end, where |φ〉 is the Bell state 1√
2
(|00〉+ |11〉), λ ∈ [0, 1] is the state parameter

of the Werner state, and I
4 is the maximally mixed state of dimension four. Using this

protocol, We show that the quantum Fisher information state attained by the state prepared
at Bob’s end is greater than the state originally taken by Alice for most values of the state
parameter λ.

In this protocol, Alice and Bob share an entangled quantum state with qubits more
than two as the ’channel’. Exactly two qubits of this ’channel’ are with Bob. Alice chooses
a Werner state of the form ρA, as given in Equation (5), jointly measures the state along
with her qubit(s) of the channel using a suitable basis of her choice, and communicates her
measurement outcome to Bob over a classical channel. Depending on her outcome, Bob’s
state collapses to different states, and based on the classical information of Alice’s outcome,
Bob measures the QFI Fx, as given in Equation (4), of his state for individual outcomes. We
show that for most values of the state parameter λ of the Werner state taken by Alice, the
average Quantum Fisher information over all possible outcomes achieved by Bob’s final
state is greater than the quantum Fisher information obtained by Alice’s original state. We
provide a detailed description of the protocol in the form of an example, using the 4-qubit
Greenberger–Horne–Zeilinger (GHZ) state as the channel.

3.1. Increase of QFI Using 4-Qubit Channels

The 4-qubit GHZ state is given as,

|Ψ〉 = 1√
2
(|0000〉+ |1111〉) (6)

Here, the first-two qubit of the GHZ state |ψ〉 belong to Alice and the last two belong to
Bob. Alice selects an unknown mixed state of the form ρA creating a system of six qubits as,

ρs = ρA ⊗ |Ψ〉 〈Ψ| (7)

The first four qubits of the state ρs belongs to Alice, on which she performs a mea-
surement using a basis of her choice. To depict the protocol, we select two completely



Quantum Rep. 2021, 3 231

orthonormal bases of four qubit states, as given provided in Appendix A. Upon Alice’s
measurement, Bob’s state collapses to,

ρi
B = Tr1234[M̂iρs M̂†

i], (8)

where, {M̂i} is the set of mathematical measurement operators, given as, M̂i = |bi〉 〈bi| ⊗ I,
|bi〉 is the ith state in the measurement basis B1, and I is the identity matrix of dimension
4 [24]. We calculate the quantum Fisher information of the state ρi

B. Since there are
16 outcomes possible for Alice’s measurement, the state of Bob’s qubits can collapse into
16 different ρi

Bs. To address this issue, we have taken an equal average of the quantum
Fisher information obtained by Bob’s final states in our theoretical simulation, considering
the equal occurrence of all possible outcomes of Alice’s measurement.

Figure 1 depicts a comparison between the quantum Fisher information attainable by
Alice’s initial state ρA and the average over the quantum Fisher information obtained by
Bob’s final states as functions of the state parameter λ of the initial state chosen by Alice.
As can be seen from Figure 1, the average QFI attained by Bob’s states is greater than the
same obtained by Alice’s initial state for the values of the state parameter λ < 0.535 (up
to three decimal places), if Alice measures her qubit in basis B1. If Alice uses B2 as her
measurement basis, the average QFI obtained by final Bob’s states is greater than the QFI
of the initial state for the range of values of the initial state parameter λ = 0 to λ = 0.42
(up to three decimal places).

Figure 1. Comparison between the quantum Fisher information attainable by Alice’s initial state ρA

and the average over the quantum Fisher information obtained by Bob’s final states, using 4-qubit
Greenberger–Horne–Zeilinger (GHZ) state as a channel. The dashed blue line shows the variation of
the quantum Fisher information as obtained by Alice’s initial state with respect to the state parameter
λ. The solid green line depicts the average quantum Fisher information obtained by Bob’s final states
as a function of the λ of the initial state, when Alice’s register is measured in the basis B1, and the red
dashed-dotted line represents the final quantum Fisher information (QFI) obtained by Bob’s state
after Alice’s qubits are measured in the basis B2.

We have repeated the protocol using two other 4-qubit states as the channel shared by
Alice and Bob; the 4-qubit cluster state used by Datta and Sarkar in [24], given as,



Quantum Rep. 2021, 3 232

|ψ〉C =
1
2
(|0000〉+ |0110〉+ |1001〉 − |1111〉),

and the 4-qubit symmetric W state given by,

|ψ〉W =
1
2
(|0001〉+ |0010〉+ |0100〉+ |1000〉).

The comparison between the QFI attained by the initial state and the average over the
final QFI using the states |ψ〉C, and |ψW〉 as channels is depicted in Figure 2.

Figure 2. Comparison between the quantum Fisher information attainable by Alice’s initial state
ρA and the average over the quantum Fisher information obtained by Bob’s final states, using the
4-qubit cluster state |ψ〉C, and the 4-qubit symmetric W state as a channel. The blue line marked with
’*’s shows the variation of the quantum Fisher information as obtained by Alice’s initial state with
respect to the state parameter λ. The dotted and solid yellow lines respectively depict the average
quantum Fisher information obtained by Bob’s final states, when Alice measures her qubit in bases B1

and B2, and the cluster state is used as a channel. The dashed and dashed-dotted red lines represent
Bob’s average QFI, when the 4-qubit W state is used as a channel, and Alice’s register is measured in
bases B1 and B2, respectively.

Using the cluster state |ψ〉C as the channel between the parties, the average value of
quantum Fisher information attainable by Bob’s final states can be found to be greater
than the QFI of Alice’s state for the range of the initial state parameter values [0, 0.632] and
[0, 0.641] (approximated to three decimal places), when Alice’s qubits are measured in basis
B1 and B2 respectively.

Similarly, if the 4-qubit symmetric W state is used as the channel, the average quan-
tum Fisher information attainable by Bob’s final states is found to be greater than the QFI
attained by Alice’s states to the state parameter values λ < 0.722 and λ < 0.641 (approxi-
mated to three decimal places) if Alice chooses to measure her register using basis B1 and
B2, respectively. It is worth mentioning here that it has been pointed out, the symmetric W
state is unsuitable for perfect teleportation of an unknown state, as the non-local operations
are required to retrieve the unknown state [26,27]. The aim of our protocol is to increase the
quantum Fisher information achievable by the unknown state, not to retrieve the unknown
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state. Here we show that although using only local operations and the symmetric W-state
as a channel to teleport an unknown state is not possible, one can create a state with very
high quantum Fisher information starting with a state that initially had very low QFI.

3.2. Increase of QFI Using 3-Qubit Channels

We have calculated the average final quantum Fisher information at Bob’s end using
two different 3-qubit channels and two different measurement bases for Alice’s 3-qubit
registers for each channel. We have used the 3-qubit GHZ state as well as the 3-qubit
symmetric W state as channels, as provided in Equations (9) and (10). The measurement
bases B′1 and B′2 are provided in Appendix B.

|ψ〉GHZ3 =
1√
2
|000〉+ |111〉 . (9)

|ψ〉W3 =
1√
3
|001〉+ |010〉+ |100〉 . (10)

Figure 3 depicts the comparison between the QFI attained by the initial state and
the average over the final QFI using the 3-qubit GHZ state and the symmetric 3-qubit W
state as channels. As can be seen from Figure 3, the final average QFI of Bob’s states are
higher than the QFI value of Alice’s initial state, up to state parameter values 0.639, and
0.641 when the 3-qubit GHZ state is used as a channel, and Alice uses bases B′1 and B′2 as
her measurement bases, respectively. When the symmetric 3-qubit W state is used as the
channel, the final average QFI attains a higher value than the initial QFI for λ < 0.546 and
λ < 0.828, respectively, for measurement bases B′1 and B′2 chosen by Alice.

Figure 3. Comparison between the quantum Fisher information attainable by Alice’s initial state ρA

and the average over the quantum Fisher information obtained by Bob’s final states, using 3-qubit
GHZ state and 3-qubit W state as channels. The blue line marked with ’*’s shows the variation of the
quantum Fisher information as obtained by Alice’s initial state with respect to the state parameter λ.
The dotted and solid lines, respectively, depict the average quantum Fisher information obtained
by Bob’s final states, when Alice measures her qubit in bases B′1 and B′2, and the 3-qubit GHZ state
is used as a channel. The dashed and dashed-dotted lines represent Bob’s average QFI, when the
3-qubit W state is used as a channel, and Alice’s register is measured in bases B′1 and B′2, respectively.
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4. Discussion

Using a quantum communication protocol with an entangled channel of more than
two qubits shared between two spatially separated parties Alice and Bob, we have shown
that the quantum Fisher information (QFI) of an unknown mixed state can be increased
using local operations and classical communications. It is noteworthy that for some of
the measurement outcomes of Alice’s register, the state prepared at Bob’s end attains
a QFI value eight for all values of the initial state parameter λ, the maximal QFI value
attainable by the initial state for λ = 1, i.e., the QFI attainable by the Bell state; and for some
measurement outcomes of Alice’s states, the final state attains a much lesser QFI value. In
Figure 4, we show an example of such a case, considering the 3-qubit W state as a channel,
and B′2 s Alice’s measurement basis. As can be seen from Figure 4, the final QFI attained
by Bob’s state achieves value eight, when the outcome of Alice’s state is |000〉, |010〉, |100〉,
or |110〉. In case of Alice’s outcome to be |000〉 , and |010〉, the QFI attains value eight,
for the entire range of the initial state parameter, while in case of Alice’s outcome to be
|100〉 , and |110〉, the QFI drops at λ = 1. A similar case is observed if Alice measures
her qubits to be in state |001〉, |011〉, |101〉, or |111〉. Here, in case of Alice’s outcome to be
|001〉 or |011〉, the QFI attains a value of four for the entire range of the state parameter
values, while drops at λ = 1, for Alice’s outcomes being |101〉 or |111〉. As is shown in
Section 3 following this protocol and with a careful selection of channel and measurement
basis for Alice, on average, the final states prepared at Bob’s end can attain much higher
quantum Fisher information than the initial states for a long-range of values of λ. Also,
based on Alice’s measurement outcomes, Bob can adjust his final state by means of local
operations to achieve and ensure higher values of QFI for the entire range of the initial
state parameter values.

Figure 4. Final QFI attained by Bob’s state for a different measurement outcome of Alice, with the
3-qubit W state as a channel and the computational basis (B′2) as Alice’s measurement basis. The
solid blue line is the variation of QFI attained by Alice’s state. The red and yellow dashed line
(coincided at QFI = 8 for λ = [0, 1)) represents Bob’s QFI when Alice’s registers as measured in states
|000〉 , |010〉 , |100〉, or |110〉, and the violet and green dashed line (coincided at QFI = 4 for λ = [0, 1))
represents Bob’s QFI when Alice’s registers as measured in states |001〉 , |011〉 , |101〉, or |111〉. The
sky-blue dotted line represents the average QFI of Bob’s final states.
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As is well known, 2-qubit Werner states of form Equation (5) are separable for the
range of state parameter values λ = [0, 1

3 ] [25], i.e., the initial mixed state taken by Alice
is separable for 0 ≤ λ ≤ 1

3 . It has been shown that the maximal QFI achievable by an
n−qubit separable state Fsep is bounded by Fsep ≤ n [12,37]. Thus for the initial 2-qubit
Werner state, for 0 ≤ λ ≤ 1

3 , the maximal attainable QFI can never exceed Fx = 2. As can
be seen from Section 3, in all the examples of our protocol, the final average QFI of Bob’s
states Fx is always ≥ 2, the equality arising when the 4-qubit GHZ state is taken as the
channel, and Alice measures her register in measurement basis B2.

To discuss the generality of the protocol, we consider the general 3-qubit pure state as
the shared channel between Alice and Bob. In this particular example, we have used the B′2
as Alice’s measurement basis.

|ψ〉gen = a0 |000〉+ a1 |001〉+ a2 |010〉+ a3 |011〉+ a4 |100〉+ a5 |101〉+ a6 |110〉+ a7111. (11)

As is clear from Figure 4, the QFI of Bob’s final state depends on Alice’s measure-
ment outcomes, we investigate Bob’s final states in each case of Alice’s measurement
outcome under the assumption that the state in Equation (11) is used as the channel be-
tween the two parties. We found that in the case that Alice’s measurement outcome is
|000〉 , |010〉 , |100〉 , |110〉, the density matrix of Bob’s state reads,

ρ1
Bob =


a02

a02+a12+a22+a32
a0a1

a02+a12+a22+a32
a0a2

a02+a12+a22+a32
a0a3

a02+a12+a22+a32

a0a1
a02+a12+a22+a32

a12

a02+a12+a22+a32
a1a2

a02+a12+a22+a32
a1a3

a02+a12+a22+a32

a0a2
a02+a12+a22+a32

a1a2
a02+a12+a22+a32

a22

a02+a12+a22+a32
a2a3

a02+a12+a22+a32

a0a3
a02+a12+a22+a32

a1a3
a02+a12+a22+a32

a2a3
a02+a12+a22+a32

a32

a02+a12+a22+a32

.

Similarly, if Alice measures her three qubits in any of the states |001〉 , |011〉 , |101〉 , |111〉,
Bob’s final state reads,

ρ2
Bob =


a42

a42+a52+a62+a72
a4a5

a42+a52+a62+a72
a4a6

a42+a52+a62+a72
a4a7

a42+a52+a62+a72

a4a5
a42+a52+a62+a72

a52

a42+a52+a62+a72
a5a6

a42+a52+a62+a72
a5a7

a42+a52+a62+a72

a4a6
a42+a52+a62+a72

a5a6
a42+a52+a62+a72

a62

a42+a52+a62+a72
a6a7

a42+a52+a62+a72

a4a7
a42+a52+a62+a72

a5a7
a42+a52+a62+a72

a6a7
a42+a52+a62+a72

a72

a42+a52+a62+a72

.

To achieve a higher QFI value at his end, Bob needs to create a quantum state that
provides the best QFI. From the expressions of ρ1

Bob, and ρ2
Bob, it is easy to see that, for the

teleportation incapable W states, Bob’s final state takes the form of Bell states in the case
Alice’s measurement outcomes belong to the set consisting of |001〉 , |011〉 , |101〉 , |111〉,
and thus achieving the maximal QFI(8) for the entire range of the initial state parameter
value. However, this is not the case in which the GHZ state is selected as the channel, and
for this particular set of Alice’s measurement basis, using the GHZ state as a channel, it can
never achieve the maximal QFI. In the case that Alice and Bob use a 3-qubit state other than
the GHZ and W state, they can choose the suitable co-efficient values for the state given in
Equation (11) so that Bob’s final state achieves the maximal value of QFI. The process also
depends on the suitable choice of the measurement bases.

To comment on the limit number of qubits that can be entangled and used, the channel
for the protocol that provides a gain in QFI over the input state of Alice, we present
Figure 5. As can be seen from Figure 5, as the qubits in the channels increase, the gain in
QFI decreases. We report that the trend shown in Figure 5 persists, and also, the resource
cost increases as one increases the number of qubits in the entangled channel. Thus, for all
practical purposes, the channel with the lowest number of qubits is the most suitable for
our protocol.

This work shines a light on the usefulness of the symmetric W states to increase the
quantum Fisher information of an unknown mixed state in a teleportation-like protocol,
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although it is well known that symmetric W states are incapable of teleporting an unknown
state [26,27]. As can be seen from Figure 3, when used as a channel between Alice and
Bob, the symmetric 3-qubit W state provides a significant improvement in the average
QFI of Bob’s final states, compared to the QFI of the initially mixed state taken by Alice
for the range of state parameter values when it is separable. The average QFI attained
by Bob’s final states is six, even with the separable initial states, which is much higher
than the separable limit of two. Thus, this protocol provides a way to use separable state
parameter estimation tasks, which can play a significant role in real-life noisy quantum
computers, as separable states are less prone to decohering channel effects. As can be seen
from Section 3, the final average QFI attains the same value for the entire range of the initial
state parameter λ in some examples with the sole exception of λ = 1, i.e., where Alice tries
to create the pure and maximally entangled Bell state at Bob’s end. For λ = 1, the average
value of QFI of the final state has a sudden drop. A similar phenomenon is also noticed in
cases where the average quantum Fisher information does not have a constant value, but
a gradual increase with the increase of λ. QFI, which quantifies the phase sensitivity of
a quantum state, arises due to do phase transition, much like entanglement in a physical
quantum system. The observation of a sudden drop in the quantum Fisher information
in the final state while preparing a maximally entangled state may find a similarity with
a phenomenon like an entanglement sudden death [38]. However, a simpler explanation
can be, as at the value of the state parameter λ = 1, the Werner state is essentially the
Bell state, a pure state, it only contains some of the states in the measurement bases of
Alice, and probabilities of some of the outcomes are 0; whereas, for any other values of
the state parameters, there is a finite probability of any of the measurement outcomes of
Alice’s states.

Figure 5. Average final QFI attained by Bob’s state with the W and GHZ states as a channel with
an increasing number of qubits and the computational basis (B′2) as Alice’s measurement basis. The
solid blue line is the variation of QFI attained by Alice’s state. The green lines represent the QFI of
Bob’s state with W state as a channel, and the red lines represent the QFI of Bob’s state with GHZ
state as a channel.

To check how the protocol behaves in a real-world scenario, we have incorporated
two simple noise models to the channel. In the first scenario, the amplitude-damping
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noise inflicts all the channel qubits. In the second scenario, we consider a phase flip noise
on all the channel qubits. The local Kraus operators for the amplitude damping channel
(ADC) are,

Ki
1 = |0〉 〈0|+

√
1− a |1〉 〈1| ; Ki

2 =
√

a |0〉 〈1| ,

and the phase flip noise are,

Ki
1 =
√

1− a(|0〉 〈0|+ |1〉 〈1|); Ki
2 =
√

a(|0〉 〈0| − |1〉 〈1|),

where a is the noise parameter, and i is the local qubit on which the noise is applied.
Figure 6 depicts the average QFI of Bob’s final states with respect to the noise parame-

ter a, using a 4- qubit W state as a channel, inflicted with amplitude damping noise as well
as phase flip noise, for a fixed value of the initial unknown state parameter λ = 0.25, well
within the separable limit. In this case, Alice’s register is measured in basis B2. As is seen
from Figure 6, the QFI of Bob’s final state is greater than the QFI 0.8, obtained by Alice’s
initial state at a state parameter value of 0.25, for the entire range of the noise parameter
value a, in both noise scenarios. So, while the gain in QFI obtained by Bob’s final state
through this protocol is found to be lowered in case the channel is inflicted with noise,
but not diminished. We would like to mention, the increase of QFI with increasing noise
in the system is similar to that of the GHZ states under amplitude damping noise, first
demonstrated in [32]. Further such examples can be found in [39], in the case of bit-phase
flip noise applied to the GHZ states. It will be interesting to see if the gain achieved
by the presented protocol is retained by further complex noises, as an interesting line of
further research.

Figure 6. Average QFI attained by Bob’s final states with respect to the noise parameter a, when
the channel shared between the two parties taken as the 4-qubit W state is inflicted with amplitude
damping noise (blue dashed line), and phase flip noise (red dashed line). In this example, the initial
state parameter is taken to be 0.25, and Alice measures her register in basis B2.
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If one considers the noise induced in the initial unknown state taken by Alice, Werner
states themselves can be seen as a pure maximally entangled state, with a possible noise
introduced in them. As our protocol predicts the QFI attained by the final state prepared at
Bob’s end is constant for any values of the initial state parameter, there is an assured gain
in the QFI of the state, in case the initial state is affected by noise.

Finally, we would like to enforce that, in our work, we have proposed a protocol to
enhance the QFI of an unknown mixed state, by using the entangled resources. Although
our protocol uses entangled states, they are only used to enhance the QFI of a different
unknown mixed state, and not as a direct channel for metrology. This protocol is useful
in a scenario where Alice and Bob are supposed to work with an unknown Werner state
(unknown state parameter value), which can also be seen as a Bell state with possible
(unknown) noise in the system in the two qubit scenario. Through our protocol, it is
possible to enhance the QFI of the state with careful selection of the channel for a large
range of values of the state (noise) parameters, as we have shown, the QFI attained by Bob’s
state is constant for any value of the state parameter. The increased QFI of the final state
will help in better estimation of the parameter to be measured, as through the quantum
Cramér–Rao bound, the uncertainty in the precision of measured precision is inversely
proportional to the quantum Fisher information [1,2,36].

5. Conclusions

To summarize, we have shown in this work that with a shared entangled state be-
tween two spatially separated parties Alice and Bob, Alice can create a state at Bob’s end
that attains higher quantum Fisher information using only local operations and classical
communication, starting with an initial unknown 2-qubit mixed state. Using five different
4 and 3-qubit entangled states as the shared channel between Alice and Bob, and two
different measurement bases for each state, we have shown the value of the average final
QFI depends on the channel and Alice’s choice measurement bases, while it is independent
of the initial state parameter. The average of the quantum Fisher information of the final
Bob’s states is taken over different measurement outcomes of Alice’s register and is shown
to attain a high value of QFI, which is above the separable limit for 2-qubit states for almost
the entire range of the initial state parameter λ ∈ [0, 1) with a sudden drop at λ = 1, i.e.,
when Alice initiates the protocol with an entangled Bell state. The 2-qubit initial Werner
states are separable in the limit of the parameter values 0 ≤ λ ≤ 1

3 ; we have shown in
this work, the final QFI attained by the state prepared at Bob’s end is fairly higher than
the separable limit when Alice’s initial states are separable. This provides an advantage
to the various real-world applications of quantum information theory that uses quantum
Fisher information, as the separable states are easier to construct and less prone to noise,
being devoid of the non-local correlations. Moreover, the symmetric W state, when taken
as a channel in this teleportation-like protocol, is shown to provide betterment in the
average final QFI over the QFI attained by the initial state, although this state is incapable
of perfectly teleporting an unknown quantum state. It is observed that using the 3- qubit
symmetric W state as a channel, for the range of the state parameter values λ ∈ [0, 0.828)
(approximated to three decimal places), the final average QFI is higher than the initial
state QFI if Alice chooses to measure her qubits in the computational basis. We have also
shown that in the case in which the channel used by the parties is affected by an amplitude
damping noise, the gain in the QFI by Bob’s final state is not entirely diminished.

Quantum Fisher information plays a very significant role in parameter estimation
tasks, as well as in quantum metrology. The states that attain a higher QFI value than the
separable limit are said to be useful in metrology [12]; here we have provided a protocol
to increase the quantum Fisher information of an unknown 2-qubit mixed state for most
values of the state parameter λ beyond the separable limit. It has been shown that one can
increase the QFI in entangled spin systems [40,41] by exciting the state of the system [31].
Here we show that using a simple protocol with LOCC, it is also possible to increase
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the QFI of a quantum system beyond the separable limit, which can have significant
practical applications.

Werner states are a class of n-qubit states that uses the similar form as in Equation (5),
with n-qubit GHZ states as the maximally entangled states, and n qubit maximally mixed
states [25]. The separable limit for such states is the state parameter λ = 1

n+1 . The
measurement in Alice’s register transfers the Werner state to an entangled state in Bob’s
register, and thus increasing the QFI of the unknown initial state. Such a protocol can easily
be designed for a system with more than two qubits with correct selections of the channels
shared between the parties and measurement basis chosen by Alice. The protocol is useful
where Alice and Bob share an entangled resource, and an unknown channel is provided
for the estimation of a parameter, such as in ion-trap quantum computers with distributed
architectures. The observation of the gain in QFI where the shared entangled resource is
inflicted with two important cases of noise shows that the protocol is useful in real life.
However, further study is required in this direction to check the generality of the protocol,
as well as its behavior in real quantum scenarios with several complex, noisy channels.
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Appendix A

Measurement bases for Alice when she has a 4-qubit register:

Measurement Basis B1:

|bi〉 = (−1)k(|φ±〉13 |00〉24 ± |00〉13 |φ±〉24);

|bj〉 = (−1)k(|φ±〉13 |11〉24 ± |11〉13 |φ±〉24);

|bm〉 = (−1)k(|00〉12 |ψ±〉34 ± |11〉12 |φ±〉34);

|bn〉 = (−1)k(|01〉12 |ψ±〉34 ± |10〉12 |φ±〉34);

where, i ∈ {1, 2, 3, 4}, j ∈ {5, 6, 7, 8}, m ∈ {9, 10, 11, 12} and n ∈ {13, 14, 15, 16}; and k = 1
for i = 4, j = 8, m = 12, and n = 16 otherwise, k = 0; the numbers in the subscripts denote
the qubit number in consideration.

|ψ±〉 =
1√
2
|00〉 ± |11〉 ;

and,

|φ±〉 =
1√
2
|01〉 ± |10〉 .

Measurement Basis B2:

|bi〉 = |Bi−1〉 ,

where Bi−1 is the decimal equivalent of the binary number i− 1, and i ∈ {1, 2, 3, 4, 5, 6, 7, 8, 9,
10, 11, 12, 13, 14, 15, 16}.
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Appendix B

Measurement bases for Alice when she has a 3-qubit register:

Measurement Basis B′1:

|bi〉 = (−1)k |±〉 |ψ±〉 ; |bj〉 = (−1)k |±〉 |φ±〉 ,

where, i ∈ {1, 2, 3, 4} and j ∈ {5, 6, 7, 8}; and k = 1 for i = 4 and i = 8, otherwise, k = 0;

|±〉 = 1√
2
|0〉 ± |1〉 ;

|ψ±〉 =
1√
2
|00〉 ± |11〉 ;

and,

|φ±〉 =
1√
2
|01〉 ± |10〉 .

Measurement Basis B′2:

|bi〉 = |Bi−1〉 ,

where Bi−1 is the decimal equivalent of the binary number i− 1, and i ∈ {1, 2, 3, 4, 5, 6, 7, 8}.
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