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[ New Syllabus ]

( Riemann Integration and Metric Spaces )

Full Marks : 80

Time : Three hours

1. Answer the following as directed -
I1x10=10
(@ A bounded function Flabl= R is
Integrable if for each , - 0, there exists
a partition P such that
(i) U(f,P)<e+L(f,P) :
@ U(f,P)<e-L(f,P)
(@ U(f,P)> g+L(f,P)
(0] ULS, B)>e—L(f P)
(Choose the correct option)
(b) State mean valye theorem for integrals
() Evaluate T E
2
(d) Define Euclidean metric on pn
R".
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: 1
(e) The open ball S(*: 1} on the usual

2

metric space (IR, d) is

(18
(V) [‘2“5]

(Choose the correct option)

Let X be a .non-empty set. If
d:X x X — [k is a pseudometric on X,
then which of the following statement
is false?

() d(x,y)z0 for all x,yeX
(i) '
(iti)
(iv) d(x,y)<d(x,z)+d(z,y) for all

d(x,y)=0=>x=y forall x,ye X
d(x,y)=d(y, x) for all x,yeX

x,Y,zeX
(Choose the correct option)
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(9)

(h)
()

0)

If A is a non-empty subset of a metric

space (X, d) such that A¢is closed in X,
then A is

() closed in X
(ii) open in X
(i) Both open and closed in X
(iv) None of the above

(Choose the correct option)
Show that the closﬁre F of Fc X,
where (X, d) is a metric space, is closed.

Define a contraction mapping on a
metric space.

Which of the following statements are
true ?

() A singleton set {x} in any metric
space is always connected.

(i) The interval [2, 3) is not connected

in the usual metric space (R, d).

(i) If (X, d) is a connected metric
space, there exists a proper subset
t_'Jf X which is both open and closed
il onle” SR

(iv) Closgre of a connected set in a
metric space is connected.

(Choose the correct option)
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Answer the following questions :

(@)

(b)

(d)

(e)

Answer any four questions :

2x5=10
Let f(x)=x on [0, 1] and

P= {xi =—é, i= 0,1,2,..'..8}

Find L(f,P) and U(f,P)

Prove that |(a + 1) = da

Show that the discrete metric space is
a complete metric space.

Let (X, d) be a metric space and
S(x,r)={yeX :d(x, y)Sr} be a
closed ball in X. Prove that S(x, 1)

is closed. '
Prove that if Y is a connected set in a
metric space (X, d), then any set Z

such that Y zc¥ is connected.

5x4=20

(@) Let f:[a, b] >R be continuous. Prove
that f is integrable.
(b) Show that lim Z o
= 1 2n +k 2
BO1FS 0109-110 5 Contd.



(c)

(d)
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Define an open ball in a metric space.
Prove that in any metric space (X, d),

cach open ball is an open set. 1+4=5 |

Let (X, dy) and (Y, dy) be two metric
Spaces. Prove that a mapping
f:X =Y is continuous on X if and

only if f71(G) is open in X for all open
subsets G of Y,

A continuous function may not map a
Cauchy sequence into a Cauchy
sequence — Justify it.

Let (X,dy) and (Y, dy) be two
metric spaces and f: X Y be

uniformly continuous. If {xﬂ}n}1 is a

' Cauchy sequence in X, then show

that {f(x,-,)}nzl is also a Cauchy

sequence in Y, [id=E

Let (X,dy) be a metric space. If
€very continuous function

-f: (X,.dX) - (R, d) has the
Intermediate valye property, then

prove that (X, d,)
metric space,

Is a connected

Answer either (a) or (b) of the following

questions : (Q.4 to Q.7)
4.

(@)

(b)

()

(%)

(1)

(%)
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10x4=40

State and prove First Fundamental
Theorem of Calculus. 144=5

Discuss the convergence of the
w 1

. '—d .

integral J.1 o x for various

values of p. S

Show that f :[0,1] >R defined
by f(x)=x" is integrable and

fof (R)dx=—. . i

Let f be continuous on [a,b].

Prove that there exists ce€|a, b]
1 b
xlat= Fle).
— [ f(x)dx=r(c)

Use the 1st mean value theorem
to prove that for O<a<l1 and

such that

In
dx—>0 as n > x.

Ni
nEb\.) 01+x

3+3=6
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S (a) (i)

(1)

®) ()

(i)
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Let 3 - R.

For x, ye®, define

[x -y

d X, = —
( Y) 1+[x_yl- Show that d

IS a metric on R, ; 4

Prove that a convergent sequence

: : :
Il a metric space is g Cauchy
sequence.

Dloes. thff converse of this hold ?
Justify it. 4+2=6
Prove that the metric space

X =R" with the metric given by

1

n
d X, = P %
.D_( y) ;]xI yi|p . i

Where )C:(xh x2)

=18, 3 ene. ,Yp) are in Rn
complete metric Space. i
Let (X, |
Fl: FQ

18 &
5

d) be a metric Space and
be subsets of x Prove

(RUR) = Ry UF, and
RUF, ~F U,

3+2=5

6.

@ ()
(i)
) ()
(i)
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Let (X, d) be a metric space and
let xeX and Ac X be non-

empty. Then prove that xe A if
and only if d(x, A)=0. 4

Let (X, dyx) and (Y, dy) be metric
spaces and Ac X. Prove that a-

function f : A —Y is continuous
at g e A if and only if whenever a-

sequence {x,} in A converges to
a, the sequence {f(x,)} converges
to f(a). 6
Prove that a mapping f: X ->Y
is continuous on X iff f}(F) is

closed in X for all closed subsets
Fof Y. 4

Let (X, dy) and (Y, dy) be metric

spaces and let f:X —>Y. Prove
that the following statements are

~equivalent :

I. fis continuous on X
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7.

L. f(B)c f~(B) for all

II1. f(ﬁ)gf(A) forall Ac X
6

(a) Let (R, d) be the space of real numbers
with the usual metric. Prove that a

_sub§6t Ic R is connected if and only
if I'is an interval. 10

(b)

(1)
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If f and g are two uniformly
continuous mappings of metric

spaces (X, dy) to (Y,dy) and
(Y.dy) to (Z,d,;) respectively,
then prove that ge f is uniformly

continuous mapping of (X, dy) to

(2,d,).

Show that the function
o, 1) — Ir defined by
_ 1

f(X)::{ is not uniformly

continuous. e

10

(%)
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Let (X, d) be a metric space and
let {Y,:4en} be a family of
connected sets in (X, d) having a
nonempty intersection. Prove that

Vi U Y, is connected. s

Aen
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[O1d Syllabus |
(Complex Analysis )
Full Marks : 60

Time : Three hours

(b) Define analytic function

(¢) Find the argument of L1
: L+i°
(@ If 2=2+i ang Zor=3~01 , . then

evaluate |3zl*422!- :

(e) Find lim(zz-!-Qz).

(f) Find ((3_5)2_3)1..

E =il
(9, Express e 4 1n the form a+ bi

Answer the followj
Ng questiong -
) : 2x4=8
(i)  Write 1:—1 in th |
3 e form reif .
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(i)
(iii)

(iv)

Answer any three questions :

(@)

(b)

(c)

(@)
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1+2i
-2-1

Find

Determine the points at which the

1 : A%
function ———— is not analytic.
z-2+3t

For any two complex numbers z; and
z,, prove that |2:12:2|:|zl||22|.
5x3=15

Prove | that f(Z)=et—-2a+te IS

continuous everywhere in the finite

plane.

Show that f(z)=e? is analytic at every

point of the complex plane.
L e?
Evaluate a;i_z___j, where C is the
circle |z|=l. '
If f(z)=2%-22z; zeC, then find

f’(z) at z = —1, provided the value

. exists.
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(e) Let f(2z)= 2%, z#i
0, z=;’> Prove that f(z)

IS not continuouys at z—;

4. I
Answer any three questions 10x3=30
()  Prove that the neécessary and
sufficient conditions for th.e complex

function @ = f(2) = u(x, Y) +iv(x,y)

to be analytic in a region R are

6 ~
‘E:-_li ou v
x oy and :--méﬁ

be

(@ 1If f(z)

is i 1
analytic witp, its derivative
] z 3
f'(z) continuous at 4y Points insijde
and on a sim
ple closeq c
urve C, prove

that If(z)dz =0
) .

(iii) Prove that if f(2) is integrable along

. a curve C having finite length L and

if there exists a positive number M

such that |f(2)| <M on G, then

(iv) (@) Find the analytic function whose

real part is
fii= o X [(xQ =~ )cos'y +2xy sin y] .
5

(b) Show that the function

f(z)=sinxcoshy+ icosxsinhy

is entire. | 5
(v) | (a) - State and prove Cauchy’s Integral
f

Formulae.
(b) Evaluate 5;{0 pE g WaeSiGHS

the circle ‘Z\:&

Contd.
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(vi) (a) Suppose that

Zy =X, +1y,, (n = 1,2,3...) and

Z=x+1y. Prove that lim z, =z

n—ow
if an if lim x, = x
d only if e % and

r{zr}oyn =1 5

5 -2
(b) Show that, z2e3z — > LA 2
n=2 (?1 - 2)'

(I < =0).
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